We construct examples of linearly rigid tuples which lead to regular Galois realizations over Q for linear and unitary groups GL2m+1(q) and U2m+1(q 2 ), where q is odd and m > (q ? 1) resp. m > (q + 1). The notion of linear rigidity was introduced in 7] as an analogue of Katz' physically rigid systems, see 4].
Introduction
There is a parallism between the Galois theory of covers of the Riemann sphere P 1 and the theory of ordinary di erential equations on P 1 with only regular singular points: For any unrami ed cover of P 1 n P; P := fp 1 ; : : : ; p r g; the action of the fundamental group 1 (P 1 n P) =< 1 ; : : : ; r : 1 r = 1 > on the ber over the base point gives rise to a tuple (g 1 ; : : : ; g r ) in the monodromy group with g 1 g r = 1; see e.g. 9] .
To any ordinary di erential equation D of degree n on P 1 with singular points at p 1 ; : : : ; p r one has associated the rank n local system of its local holomorphic solutions. The action of 1 (P 1 nP) on the ber gives rise to a tuple of elements (g 0 1 ; : : : ; g 0 r ) of GL n (C) such that g 0 1 g 0 r = 1; see Katz 4] . In both theories the concept of rigidity plays an important role:
Let K be a eld and g 1 ; : : : ; g r 2 GL n (K) be a collection of elements such that the product g 1 g r is a scalar. The tuple (g 1 ; : : : ; g r ) is called linearly rigid if for any other tuple (h 1 ; : : : ; h r ) in GL n (K), such that h i is conjugate to g i and h 1 h r = g 1 g r , we have an element x 2 GL n (K) with g i = h x i for i = 1; : : : ; r:
In Galois theory the best known examples of linearly rigid tuples are the Belyi triples in GL n (F q ) see 10] , 6] , and the n + 1 tuples in GL n (F q ); called Thompson tuples, found by Thompson and V olklein, see 10]. In 10] V olklein actually proves the existence and rigidity of such tuples for an arbitrary eld K:
In the theory of ordinary di erential equations the best studied examples of linearly rigid tuples are the Levelt triples in GL n (C) arising from the generalized hypergeometric functions, see 2], and the n + 1 tuples in GL n (C) coming from the Pochhammer equations, see 3].
Let us remark that the Belyi triples resp. Thompson tuples in GL n (F q ) are modular variants of the Levelt triples resp. Pochhammer tuples. This can be derived from the normal forms of the Levelt triples resp. Pochhammer tuples given in 2] resp. 3].
If K is the eld of complex numbers then the linearly rigid tuples are known by Katz' Existence Algorithm, see 4], Chap. 5, 6. With this algorithm one can construct the Jordan canonical forms of all irreducible linearly rigid tuples in GL n (C): Moreover, this algorithm can be used to decide, if a tuple of given Jordan canonical forms belongs to an irreducible linearly rigid tuple.
In Section 2 we use this algorithm to nd a new class of linearly rigid tuples in GL n (C): In Section 3 we show that similar linearly rigid tuples exist over any eld K: The construction of these tuples uses Belyi triples and the Thompson tuples. If K is nite, we use results of Wagner 12] , 13], to classify the generated subgroups in the irreducible case.
In Section 4 we derive the above mentioned Galois realizations from the Rigidity Criterion (see 5], Thm. I. 4.8 or 9], Thm. 3.17). We even get GAL-realizations over Q for the corresponding projective groups G (see Thm. 4 We want to thank Prof. H. V olklein for communicating the proof of Theorem 4.1 to us and for many discussions, especially on the construction of the tuples. Also we want to thank the whole Mathematics Department of the University of Florida for their hospitality, especially Prof. J. Thompson.
An application of the Existence Algorithm of Katz
We are going to demonstrate, how one can use the existence algorithm of Katz to nd the tuples of section 3. The last element of the following tuples always corresponds to the element at in nity in 4], chapter 6.
Let always be a matrix of maximal rank and := ( 1 ; : : : ; m+1 ) be a tuple in GL 1 (C), such The m+3-tuple g corresponds exactly to a tuple of type A of Section 3 with data ( 3 Two classes of linearly rigid tuples Let K be a eld. We set K := K n f0g: We say that a non-scalar element g 2 GL n (K) is a perspectivity if it has an eigenspace of dimension n ? 1 (perspectivities are also known as pseudo-re ections). We call a perspectivity a normed perspectivity if the n ? 1-dimensional eigenspace belongs to the eigenvalue 1: We call a normed perspectivity g a re ection (resp. a transvection) if det(g) = ?1 (resp. g is unipotent). We denote by U n (r 1 ; r 2 ; : : :) the set of unipotent elements in GL n (K) with r i Jordan blocks of length i:
De nition 2.1 Let g := (g 1 ; : : : ; g r ) be a tuple in GL n (K), such that the rst r ? 2 elements are normed perspectivities and the product g 1 g r = is a scalar.
We call g to be of type A (resp. B) if n = 2m + 1 and the following condition A (resp. B) holds:
(A) r = m + 3; g r?1 ; g r 2 U n (1; m); or (B) r = m + 2; g r?1 ; g r 2 U n (0; m ? 1; 1)
We set i = det(g i ) and de ne the data of the tuple to be D(g) = ( 1 ; : : : ; r?2 ; ):
We call a tuple (g 1 ; : : : ; g r ) of elements of GL n (K) (absolutely) irreducible if the generated subgroup < g 1 ; : : : ; g r > is an (absolutely) irreducible subgroup of GL n (K). r?1 act trivially on V j =W j it follows that g (j) r has an eigenvalue 6 = 1; a contradiction. Thus W j = V j : Because of the Jordan canonical form of g (j) r?1 there are at least dim(V j )=2 perspectivities g (j) i :
Let q] for q 2 Q denote the largest integer which is less or equal than q: We have then
i ? 1)) = r ? 2 + P k j=1 dim((Im(g (j) r?1 ? 1)
(n + 1)=2 + n=2] = n Therefore, all the above inequalities are equalities. It follows from ( ) that there is exactly one V j of odd dimension. Let V j be of even dimension. Then it also follows that dim(Im(g 
Putting (2) and (3) Now assume dim(V 1 ) = 1: Then the generated group is monomial. Now we look at the cycle decomposition of g r?1 on the set V 1 ; : : : ; V n : Since every cycle of length k corresponds to a Jordan block of length k; we have k 2: Thus g 2 r?1 is a diagonal element, hence o(g r?1 ) = 2 and char(K) = 2: Similarly one gets g i V j = V j for all the perspectivities, since there is no re ection in characteristic 2. The irreducibility implies the contradiction 2n + 1 = 2:
To prove that a tuple (g 1 ; : : :; g r ) of type A is linearly rigid we use Theorem 2.3 in 7] which states that an irreducible tuple is linearly rigid if the following formula holds:
Here denotes C(g i ) the commuting algebra of g i in the matrix algebra Mat(n; K). The dimension of the commuting algebra of a perspectivity in Mat(n; K) is equal to (n Proof: We denote by ? the automorphism of GL n (K) which is induced by : If one takes = 1 one gets the case (a). We denote the transpose of a matrix x by x t . G leaves a nondegenerate sesquilinear form invariant if and only if (g 1 ; : : : ; g r ) is conjugate to (( g ?1 1 ) t ; : : : ; ( g ?1 r ) t ) which is equivalent to the conditions on the eigenvalues by linear rigidity.
We now determine the generated groups of tuples of type A (resp. B) in the nite case: Corollary 3.1 Let n > 7 be odd, F q = F p ( 1 ; : : : ; r?2 ; ) and g be an irreducible tuple of type A or B in GL n (F q ): Then one of the following holds for the group G := hg 1 ; : : : ; g r i: It follows from the results of Wagner 12] , 13], that G is a symmetric group S n+1 , S n+2 or sits between n (p) h?1i and O n (q). The symmetric groups S n+1 and S n+2 cannot occur since they do not contain an unipotent element of the form g r? 1 .
To rule out the case G = O n we show that the spinor norm of the re ections is equal to 1. We rst prove, that the normed perspectivities are all conjugate in O n . Consider the tuple g 0 := (g 1 g 2 g ?1 1 ; g 1 ; g 3 ; : : : ; g r ):
We have g 0 = g x for some x 2 GL n (p) by linear rigidity. Since G = hg 1 g 2 g ?1 1 ; g 1 ; g 3 ; : : : ; g r i we have 
Resulting Galois realizations
We start with a theorem concerning GAL-realizations. For the de nition of a GAL-realization see 9], def. 8.14. There exists an element in the absolute Galois group of`with ?1 ( n ) = m n ; where n denotes the n-th root of unity and n is the order of G. Theorem 4.1 Let`be a sub eld of C . Let G be a nite group and Z(G) its center. Assume that G := G=Z(G) has trivial center and the canonical map Aut(G) ! Aut( G) is an isomorphism. Let C 1 ; :::; C r be conjugacy classes of G that are permuted by Aut(G). If these classes form a quasi-rigid and`-rational tuple then G has a GAL-realization over`.
Proof: We use the set-up of 9], Prop. 9.1. In particular, we choose p 1 ; :::; p r 2 C algebraically independent over`, let P = fp 1 ; :::; p r g and C = (C 1 ; :::; C r ), and consider the rami cation type T = G; P; C]. Further, T is the minimal sub eld of C containing`such that T is T -rational. Then the groups GL n (q) (resp. U n (q 2 )) occur regularly as Galois groups over Q(t): Moreover one obtains GAL-realizations over Q for the corresponding groups PGL n (q) (resp. PU n (q 2 )):
Proof: Let be a generator of F q . Let f 1 ; : : : ; (q?1) g be the set of primitive powers of . For m 0 (mod 2) (resp. m 1 (mod 2)) we take g to be a tuple of type A (resp. B) with data D(g) = In the case of the groups U n (q 2 ), one repeats the above arguments with f 1 ; : : : ; (q+1) g as primitive powers of a primitive element 2 C q+1 F q 2 .
The claim on the GAL-realizations follows now immediately from the above Theorem 4.1.
In the case where the centre splits one gets the realizations of Theorem 4.2 for the corresponding simple groups SL n (q) and SU n (q) (compare to 5], Cor. IV.4.9 or 9], Thm 9.21 for the case of even n): Corollary 4.1 Let q = p l with p odd, q 6 = 3, n = 2m + 1 and (q ? 1) < m (resp. (q + 1) < m): Further assume that (n; q ? 1) = 1 (resp. (n; q + 1) = 1)). Then the simple groups SL n (q) (resp. SU n (q 2 )) have GAL-realizations over Q.
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